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Relativity and classical dynamics, as defined so far, form distinct parts of classical physics and are
formulated based on independent principles. We propose that the formalism of classical dynamics
can be considered as the theoretical foundation of the current theory of relativity and may be
employed for exploring possibilities beyond the current theory. We show that special-relativistic
kinematics, including universality of the speed of massless particles relative to inertial frames, is
a consequence of the formalism of classical dynamics, with no assumptions other than spacetime
point transformations and Euclidean geometry of space in inertial frames. We discuss that energy-
independent velocity is a general concept in classical dynamics, applicable even to massive objects,
in appropriate canonical coordinates. The derivation of Lorentz symmetry is inherently local and
allows the speed of massless particles (relative to local inertial frames) to vary with space and time
globally, which may provide a theoretical foundation for variable speed of light cosmology. We
obtain no kinematical scales other than the light-speed, specially no scale of energy or momentum
as has been suggested in some quantum gravity investigations. We argue that this is a consequence
of spacetime point transformations making the momentum space linear, and a possible second scale
must require non-point transformations as a necessary condition, which seems compatible with the
notion of relative locality in curved momentum space.
PACS numbers: 03.30.+p, 45.20.Jj, 98.80.-k, 04.60.-m
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1. INTRODUCTION
Classical physics, as has been developed and formulated
so far, consists of two basic parts, relativity and classi-
cal dynamics, which are defined as distinct theoretical
frameworks and are formulated using independent prin-
ciples.
Relativity, as the more fundamental theory, is defined
as the theory of properties and dynamics of spacetime,
distinct from theories that describe properties and dy-
namics of matter in spacetime, and spacetime is defined
in the theory as an arena on which in principle any theory
of matter, classical or quantum, can be defined. Apart
from the Einstein field equations describing the dynam-
ics of spacetime, the theory is based on the principles of
equivalence of inertial frames, universality of the speed
of massless particles relative to inertial frames, inertia-
gravity equivalence, and general covariance.
Classical dynamics, on the other hand, is considered
as a restricted (non-quantum) framework of dynamics,
which by itself can even be non-relativistic, and is for-
mulated based on the action principle. It, therefore, is
considered as one of the possible dynamical frameworks
that can be developed on the relativistic spacetime.
In other words, relativity defines the fundamental kine-
matics upon which theories of dynamics are developed,
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although the kinematics itself has a dynamical character
(in the presence of gravity).
Therefore, according to the current definition of the
theory, while spacetime interacts with matter, no theo-
retical relationship between properties of spacetime and
the classical or quantum nature of the dynamics of matter
is assumed. Accordingly, although the theory deals with
motions of particles and reference frames in the classical
sense and using spacetime geodesics whose equations are
mathematically equivalent to some Lagrange equations,
the pseudo-Riemannian structure of the underlying man-
ifold is not theoretically related to Lagrangian formalism.
It is assumed as a characteristic or defining property of
gravitational field.
This theoretical independence between relativity and
classical dynamics, however helpful in developing differ-
ent dynamical frameworks, including quantum ones, does
not seem theoretically satisfactory in some aspects. Rela-
tivity in its current form is a classical (non-quantum) the-
ory in every aspects. Inertial frames, which have a cen-
tral role in the theory, are indeed rest frames of objects
which move according to the laws of classical dynamics,
with definite trajectory, and time, length, velocity, mass,
energy, momentum and so on in those frames are classical
concepts developed in terms of the classical behavior of
objects. The theory fundamentally stands upon concepts
taken from classical dynamics, and the relativistic kine-
matics which is used as a foundation even in quantum
field theory gets its meaning originally from the classical
behavior of objects.
But, apart from the classical nature of the theory, the
mathematical formalism of the theory has essential fea-
2tures in common with the formalism of classical dynam-
ics, which should be considered as indicating the require-
ment of a theoretical unification between them. As men-
tioned above, geodesic equations can be expressed in the
form of Lagrange equations, and the action principle be-
comes equivalent to the condition of shortest path (min-
imal proper time) in this case. Even without presum-
ing anything about Einsteinian relativity with its spe-
cific principles mentioned above, Lagrange equations are
intrinsically invariant under arbitrary changes of coordi-
nate system in the configuration space, which is practi-
cally the requirement of general covariance in relativity.
More importantly, any Lagrangian which is homogeneous
of degree one in its velocity arguments provides a mea-
sure of length and a metric tensor on the configuration
space [1]. This means that Lagrangian formalism, by
its intrinsic properties, can be employed for defining a
Finsler or Riemann metric on the configuration space,
and therefore the concept of metric can be introduced
very naturally into the theory starting from Lagrangian
formalism. Such intrinsic properties and capabilities of
the Lagrangian formalism can be considered as theoret-
ical evidences for a unified point of view regarding the
current theory of relativity and classical dynamics. In
other words, the mathematical formalism of classical dy-
namics is so powerful that one may consider this formal-
ism not just as a framework of dynamics (a restricted
one), but even as the foundation of the theory of relativ-
ity, and specifically and importantly, as the theoretical
foundation of relativistic kinematics.
In the following, we treat classical dynamics not just
as a theoretical framework governing classical motions of
particles and reference frames, but also as the theoretical
origin of relativistic kinematics. Our basic intention is to
demonstrate that one can start completely and funda-
mentally from the intrinsic properties of Lagrangian for-
malism (without making any assumption about the func-
tionality of the Lagrangian) instead of the above men-
tioned principles of Einsteinian relativity and still end up
with relativistic kinematics, and those principles should
in fact be considered as consequences of the Lagrangian
formalism — except for the principle of inertia-gravity
equivalence which has to be taken as a purely empirical
fact of nature, without which even definition and exis-
tence of inertial frame would be impossible.
Underlying all our derivations and conclusions is a the-
orem (proved in section 3A) which provides the basis for
developing the theory of relativity using Lagrangian for-
malism and states that an ordinary action function de-
fined by S(t, qi) =
∫ (t,q)
(t0,q0)
Ldt is automatically a scalar
function with respect to point transformations of the ex-
tended configuration space, with coordinates t and qi.
(Here, L is an ordinary Lagrangian, scalar only with re-
spect to point transformations of the configuration space
with coordinates qi, and the integral is taken along an
extremal trajectory.)
The most fundamental ingredient of Einsteinian rela-
tivity, i.e. the relativity of time, is completely indepen-
dently explained as incompatibility of absolute time with
the intrinsic invariance of action and even with the Eu-
clidean geometry of space in inertial frames. The impos-
sibility of a well-defined inertial rest frame for massless
particles is also concluded, very straightforwardly, from
the invariance of action.
We present a detailed derivation of Lorentz symme-
try and universality of the speed of massless particles as
consequences of the invariance of action and Euclidean
geometry of space.
The equivalence between inertial frames is not required
to be assumed as an independent or fundamental princi-
ple besides the Lagrangian formalism. Instead, it can be
considered as a systematic consequence of the formalism.
The connection between inertiality of the frame and the
Euclidean geometry of space (more accurately speaking,
equivalence between them) is also explained using La-
grangian formalism.1
As a supporting theoretical evidence for the fundamen-
tal role of classical dynamics in the foundations of relativ-
ity, we show that energy-independent velocity, which is at-
tributed only to massless particles in the Einsteinian for-
mulation of relativity, is actually a more general concept
in classical dynamics for the generalized meaning of the
term velocity, and is applicable to massive and massless
systems, in appropriate canonical coordinates. An exam-
ple of such a velocity in a massive system is the energy-
independent angular velocity of harmonic oscillator. We
show that this similarity with the energy-independent
speed of light is not accidental, but is a consequence of
the vanishing of Lagrangian, and appears in any system
in which the Lagrangian vanishes during the evolution of
the system. The concept of energy-independent velocity
is not canonically-invariant in general, as is observed from
the example of harmonic oscillator which has an energy-
dependent linear velocity, but an energy-independent an-
gular velocity. The linear energy-independent velocity
of massless particles in the ordinary space is, however,
observer-independent, as far as the transformations be-
tween observers are assumed to be point transformations
of spacetime. The energy-independent velocity, by itself,
completely characterizes the motions of massless particles
in arbitrary spacetime coordinates, without imposing the
assumption of an absolutely constant speed relative to lo-
cal inertial frames throughout the particle trajectory.
The presented approach to the foundations of relativ-
ity and relativistic kinematics has consequences relevant
to some investigations in cosmology and quantum grav-
ity. The discussed derivation of Lorentz symmetry from
invariance of action is inherently and fundamentally local
in two senses. It is fundamentally local in the sense that
1 We should emphasize that we do not assume any form for La-
grangian in our approach. The mathematical form of the La-
grangian of free particles relative to inertial frames, for example,
is obtained from the invariance of action and the Euclidean ge-
ometry of space.
3it is based on an assumption of locality, the spacetime
point transformations. We argue that this makes the
momentum space a linear space and therefore eliminates
the possibility of a kinematical scale of energy or momen-
tum suggested in the so-called doubly special relativity
approach in quantum gravity [9–12]. Such a scale, if ex-
ists at all, would require non-point transformations of
spacetime, which seems consistent with the notion of rel-
ative locality in a curved momentum space [16, 17]. The
derivation is also inherently local in the sense that the
symmetry is derived for local inertial frames and there-
fore allows the speed of massless particles (relative to
local inertial frames) to vary with space and time glob-
ally. This can provide a theoretical foundation for vari-
able speed of light cosmology which has previously been
considered by other researchers [5–7]. What supports the
idea of variable speed of light is the fact that motions of
massless particles in spacetime are most fundamentally
characterized by energy-independent velocity, not by the
stronger condition of an absolutely constant speed (rela-
tive to local inertial frames) in the entire spacetime.
Derivation of relativistic kinematics as a consequence
of classical dynamics has implications for the status of
Lorentz symmetry in general relativity and the relation-
ship between kinematics and dynamics. According to
general relativity, space and time are fundamentally dy-
namical concepts, but nevertheless, the most fundamen-
tal building block of the theory, Lorentz symmetry, is as-
sumed in the theory as a purely-kinematical phenomenon
and an intrinsic property of space and time in inertial
frames, with no dynamical character or origin whatso-
ever. Our approach, while retains (locally) the kinemat-
ical role of Lorentz symmetry, but gives it a dynamical
origin by deriving it as a consequence of classical dynam-
ics. This dynamical origin is also meaningful in the sense
that the symmetry is a symmetry of space and time, and
classical dynamics concerns evolution of systems in space
with time.
Unification of relativity with classical dynamics and
providing a foundation for Lorentz symmetry in the latter
is closer than the purely-kinematical approach of special
relativity to the essential dynamical nature of space and
time in general relativity and adds another aspect to that
dynamical nature in the formalism of the theory: even
properties of spacetime in inertial frames, yielding the
concept of Minkowski spacetime, has a dynamical origin,
and that origin is classical dynamics.
This point of view does not revoke the kinematical ap-
plications of Lorentz symmetry, but implies a reciprocal
relationship between kinematics and dynamics. Not only
theories of dynamics are built upon kinematical assump-
tions, those assumptions themselves can be consequences
of some dynamical frameworks.
We present this work, not just as a unification of the
two basic parts of classical physics, but also as a new
approach to the foundations of relativity and in fact a
re-definition of this theory and we hope that it can pro-
vide a theoretical framework upon which one can explore
theoretical possibilities beyond the current theory of rel-
ativity.
2. A MOTIVATION FOR INCORPORATING
LORENTZ SYMMETRY INTO THE
FORMALISM OF CLASSICAL MECHANICS
According to the theory of special relativity, Lorentz
symmetry is a purely-kinematical symmetry and a char-
acteristic property of space and time in inertial frames,
independent of anything dynamical, and therefore is not
assumed as a consequence of any dynamical framework,
including classical dynamics. This point of view, which
has originally been taken from consideration of Maxwell’s
fields, is specially suitable for field theories (classical
or quantum), where Lorentz symmetry is simply imple-
mented as a kinematical symmetry of space and time,
independent of the dynamics of the fields. But, the same
point of view has been applied also to classical parti-
cle dynamics, and is clearly observed in the derivations
of relativistic mechanics. However, the latter is ques-
tionable, since, as is discussed below, Lorentz symmetry
might meaningfully be considered as a consequence of
the classical particle dynamics applied to the motions of
the inertial frames themselves (more accurately, to the
motions of particles sitting in inertial frames).
In one derivation of the proper Lagrangian for rela-
tivistic particles [2], which is among the simplest ones, in
order to obtain the Lagrangian, the action S is identified
(up to a constant coefficient) with the proper time τ of
the particle, such that one has S =
∫
Ldt = −mc2 ∫ dτ =
−mc2 ∫ γ−1dt, which immediately yields L = −mc2γ−1.
Here, as usual, γ = (1 − v2/c2)−1/2 and m is particle’s
mass.
Here, the time dilation relation dτ = γ−1dt is provided
from somewhere unrelated to Lagrangian formalism, that
is, from Lorentz transformation which according to the
current theory is based on the universality of the speed of
light as a fundamental kinematical property of space and
time with no foundation in any framework of dynamics
including classical dynamics.
Let us now consider the famous equation dS = pidq
i−
Hdt, which is a direct consequence of the definition of
action (S =
∫
Ldt) regardless of the assumed transfor-
mation between inertial frames, Galileo or Lorentz (here
t is the time parameter of observer and L is an ordi-
nary Lagrangian which is scalar only with respect to
spatial coordinates.). This equation, therefore, requires
no modification in special relativity. In this case, since
action is defined as a Lorentz-invariant quantity, one has
dS = −mc2dτ in the rest frame of the particle. However,
if one derives from the above mentioned Lagrangian the
expressions of momentum and energy, pi = mγδijv
j and
H = mc2γ, and substitutes them in the above equation
for dS, one obtains dτ = γ(dt − δijvjdqi), which is one
of the equations of Lorentz transformation.
We observe that if we start from Lorentz transforma-
4tion, obtain the time dilation relation and from which
the Lagrangian, and derive the expressions of energy and
momentum, then the equation dS = pidq
i−Hdt takes us
back to the Lorentz transformation which was employed
for obtaining the Lagrangian at the first place. As a
consequence, one may say that this equation is at least
equivalent to one equation of Lorentz transformation in
the special-relativistic case.
Now, suppose that we did not know the Lorentz trans-
formation, but we somehow knew that S is an invari-
ant and we could obtain the free particle Lagrangian
L = −E0γ−1 purely from the Lagrangian formalism
without employing Lorentz transformation. Then, we
could obtain the above mentioned equation of Lorentz
transformation from the above-mentioned equation of
the action. In other words, instead of assuming Lorentz
transformation and obtaining a proper Lagrangian for
classical particles, we may conversely obtain the Lorentz
transformation from the Lagrangian formalism by apply-
ing it to particles sitting in inertial frames and repre-
senting motions of such frames, without starting from
the assumption of universal light-speed as a fundamental
kinematical principle. In fact, in this case, universality of
the speed of massless particles relative to inertial frames
must appear as a consequence of the invariance of action
in the Lagrangian formalism, and taking the universal
light-speed or Lorentz symmetry as fundamental princi-
ple would be redundant in Lagrangian formalism after
taking S as an scalar.
The above mentioned observation, alongside other the-
oretical elements existing in relativity and classical dy-
namics mentioned in the previous section, motivates us to
suggest that relativistic kinematics could be considered
as a consequence of classical dynamics, and that Lorentz
symmetry could be incorporated into the formalism of
classical dynamics in a fundamental way.
This attitude regarding Lorentz symmetry when deal-
ing with classical dynamics is meaningful since Lorentz
symmetry is a symmetry among inertial frames, and in-
ertial frames are just rest frames of objects which move
under the laws of classical (non-quantum) dynamics, with
definite trajectory. The concepts of space and time,
which are the subjects of Lorentz symmetry, are clas-
sical concepts taken from the behavior of objects in the
macroscopic world, governed by the laws of classical dy-
namics. Therefore, unlike the situation of field theories,
when it comes to particle dynamics, which includes mo-
tions of reference frames as well, fundamental separation
of spacetime symmetry from the dynamics of particles
does not seem theoretically justified. In other words,
Lorentz symmetry, which has a kinematical role in field
theories, can itself be a consequence of classical particle
dynamics.
In the following section, we discuss some fundamentals
based on the intrinsic properties of Lagrangian formalism
which provide the foundation for developing the current
theory of relativity within that formalism.
3. FUNDAMENTALS FROM LAGRANGIAN
FORMALISM
A. Invariance of action
In this subsection, we prove the following theorem which
underlies all our conclusions and derivations in the entire
paper:
An action function defined by S(t, qi) =
∫ (t,q)
(t0,q0)
Ldt,
where the Lagrangian L is scalar only with respect
to point transformations of configuration space with
coordinates qi and the integral is taken along an extremal
trajectory from fixed t0 and q0, is automatically a scalar
function with respect to point transformations of the
extended configuration space with coordinates t and qi.
Using an ordinary Lagrangian L(t, qi, vi), where vi =
dqi
dt and t is the time parameter of observer, one can define
an action function
S(t, q; t0, q0) =
∫ (t,q)
(t0,q0)
Ldt, (1)
where the integral is taken along an extremal trajectory
connecting the bounds of the integral in the extended con-
figuration space of t and qi. If one keeps (t0, q
i
0) fixed,
this can be considered as a function S(t, qi) in that space.
Since L is a scalar with respect to the coordinate system
{qi} of the configuration space, S too is a scalar in that
respect. We, however, show that the same function S is
a scalar even with respect to arbitrary coordinate sys-
tems of the extended configuration space. This is done
by showing that, because of the intrinsic properties of
Lagrange equations, ordinary Lagrange equations in the
configuration space are always equivalent to some other
Lagrange equations which hold in the extended config-
uration space. Showing the validity of the theorem re-
quires the following steps.
We begin by recalling that the equation d(−H)dt =
∂L
∂t ,
where H is the Hamiltonian corresponding to L, is a
consequence of Lagrange equations dpidt =
∂L
∂qi . If one
defines q0 = t and p0 = −H , these equations can be
written altogether in the form
dpµ
dt
=
∂L
∂qµ
, (2)
remembering that one of these equations (the one cor-
responding to µ = 0) is not independent of the others.
Intrinsic properties of Lagrange equations allow us to re-
cast these equations in another form in which the ob-
server time parameter t is treated as a coordinate like
the spatial coordinates qi, as follows.
It is well-known [4] that if one defines a new Lagrangian
L(qµ, q˙µ) = L(t, qi, dq
i
dτ
(
dt
dτ
)−1)
dt
dτ
, (3)
5where τ is a new and arbitrary parametrization of the
trajectory in the extended configuration space and q˙µ =
dqµ
dτ , one obtains from the ordinary Lagrange equations,
i.e. equations (2), that
dpµ
dτ
=
∂L
∂qµ
, (4)
in which, pµ expresses the energy and momentums de-
fined in terms of L, i.e. pi =
∂L
∂vi and p0 = −H = L−pivi,
where vi = dq
i
dt . Incidentally, one obtains the equalities
pµ =
∂L
∂q˙µ by taking the derivatives of L with respect to
q˙µ, which make equations (4) genuine Lagrange equations
in the extended configuration space.
The new Lagrangian L is homogeneous of degree one in
q˙µ and, as a consequence, one of the equations (4) is de-
pendent on the others [3, 4], as expected from equations
(2).
Similarly and conversely, if one assumes a Lagrangian
L(qµ, q˙µ) which is homogeneous of degree one in the ve-
locity variables dq
µ
dτ in the extended configuration space,
one can define a Lagrangian L(t, qi, dq
i
dt ) such that
L(t, qi,
dqi
dt
) ≡ L(qµ, dq
µ
dτ
)(
dt
dτ
)−1 = L(t, qi, 1, dq
i
dt
). (5)
One can then recover from equations (4) the equations
(2) in which pµ, now defined by
∂L
∂q˙µ , reduce to pi =
∂L
∂vi
and p0 = L − pivi. Here, one singles out one of the co-
ordinates, denoted by t, to be used as a parametrization
of trajectory in the extended configuration space. This
process is coordinate system-dependent and, as a conse-
quence, although L is a scalar in the extended config-
uration space, the resulting L is specific to the chosen
parameter t and is scalar only with respect to the coor-
dinates qi.
So, one can obtain equations (4), which hold in the
extended configuration space, from equations (2), which
hold in the configuration space, and vice versa. Mathe-
matically, this means that those two sets of equations are
equivalent.
This mathematical equivalence is independent of our
physical assumption about the (absolute or relative) na-
ture of time. It is only because of the intrinsic proper-
ties of Lagrange equations that the ordinary Lagrange
equations (2) are equivalent to another set of Lagrange
equations which are defined in the extended configura-
tion space, allowing the time parameter of the observer,
used in equations (2), to be chosen arbitrarily using the
equivalent equations (4). This means that the assump-
tion of absolute time is not a requirement of Lagrangian
formalism and it is even an unnecessary assumption for
the formalism.
A crucial consequence of the equivalence of equations
(2) and (4) is that the ordinary action function, defined
by (1), automatically becomes a scalar of the extended
configuration space. This simply follows from the equal-
ity S =
∫
Ldt =
∫ Ldτ using (3) or (5), and proves the
above mentioned theorem.
So, mathematically speaking, regardless of our as-
sumption about the physical nature of time, the invari-
ance of action in the extended configuration space, where
the time parameter of observer is treated as a coordinate,
is a consequence of the properties of the Lagrange equa-
tions.
B. Connection between rest energy and rest frame
From the invariance of action and Hamilton-Jacobi equa-
tions (H = −∂S∂t , pi = ∂S∂qi ), it follows that energy and
momentum of a particle in two different reference frames
are related to each other by p′µ = pν
∂qν
∂q′µ . Now, suppose
that the particle is at rest in one inertial frame (p′i = 0)
and its rest energy is zero (−p′0 = 0). That leads to
∂qν
∂q′µ pν = 0. This means that either we have pν = 0 (for
all components) or the transformation matrix ∂q
ν
∂q′µ is sin-
gular. In the first case, it means that pν is zero in all
arbitrary frames, which means that the particle does not
exist at all! In the second case, it means that, if the ob-
server’s rest frame is well-defined, the particle does not
have a well-defined rest frame.
Therefore, invariance of action implies that a particle
with a zero rest energy can not have a well-defined in-
ertial rest frame. Equivalently, a particle which has a
well-defined inertial rest frame has necessarily a nonzero
rest energy.2
It must be noted that these conclusions are conse-
quences of invariance of action and are obtained before
deriving Lorentz transformation explicitly. They show
the physical foundation of that transformation in La-
grangian formalism and the fundamental role of the in-
variance of action in this regard.
C. Inconsistency of absolute time with invariance
of action
Let us assume that both t and S remain invariant in go-
ing from one inertial frame to another. This means that
we have S′(t, q′(t, qj)) = S(t, qj). Then, from Hamilton-
Jacobi equations one obtains pj = p
′
i
∂q′i
∂qj . This implies
that if a particle is at rest in one inertial frame (p′i = 0),
it will be at rest in every other frame, regardless of how
the frames move relative to each other. This meaning-
less result shows that the assumption of absolute time is
2 This conclusion, of course, does not include situations where par-
ticle is at rest relative to a frame but its canonical momentum
is nonzero in that frame, as is the case for charged particles in
magnetic fields. It, however, includes free particles in local or
global inertial frames.
6inconsistent with the intrinsic invariance of action in the
extended configuration space.
D. Metric in Lagrangian formalism, and
inconsistency of Newtonian mechanics with
Euclidean geometry of space in inertial frames
According to the definition of Finsler metric [1], a La-
grangian which is homogeneous of degree one in the ve-
locity variables provides a measure of length and a metric
tensor on the configuration space. Since the Lagrangian
L defined in (3) has such a property, it defines a metric
tensor in the extended configuration space in the form
gµν(q
λ, q˙λ) =
1
2α20
∂2
∂q˙µ∂q˙ν
L2(qλ, q˙λ), (6)
where α0 is a nonzero constant introduced for fixing
units. (This constant is proportional to the minus rest
energy in the case of massive particles.)
From this definition, it is obvious that not every La-
grangian leads to a Euclidean metric for space. Let
us examine the Newtonian Lagrangian L = 12mδijv
ivj .
Here, δij has been taken as the Euclidean geometry of
space. However, using the corresponding L, which is
L = 12mδij q˙iq˙j t˙−1, and the consequent metric from (6),
we find
gij =
m2
α20
{δikδjlvkvl + 1
2
(δklv
kvl)δij}, (7)
which differs from δij and is velocity-dependent. By ad
hoc adding a rest energy E0 to the Lagrangian, an ex-
tra term E0m
α2
0
δij appears in the right hand side, but the
resulting metric is still non-Euclidean. (From this, it is
observed that Newtonian mechanics can be compatible
with Euclidean metric only for sufficiently low velocities.)
We observe that the Newtonian Lagrangian which is a
consequence of absolute time leads to a metric for space
which is inconsistent with Euclidean geometry of space in
inertial frames. This observation, conversely, means that
Euclidean geometry of space in inertial frames restricts
the possible forms of Lagrangian, as will be seen in the
following.
4. LORENTZ SYMMETRY AS A
CONSEQUENCE OF INVARIANCE OF ACTION
In the previous section, we dealt with properties of La-
grange equations in the extended configuration space.
We now restrict our configuration space to the ordinary
space so that the extended space becomes identified with
spacetime, which could be described by a coordinate sys-
tem {t, qi}. Since we are interested in inertial frames in
this section, we may assume that this coordinate system
describes a global inertial frame. However, since in all of
the derivations that follow only infinitesimal intervals of
space and time appear, it suffices that {dt, dqi} form a lo-
cal inertial frame at a certain point {t0, qi0} in spacetime.
We assume that at this point there is an observer and
we call this frame the observer frame. We also assume
that this observer describes the motion of a free particle
relative to his frame and the rest frame of particle is as-
signed a similar local inertial frame, defined as {dτ, dui}
at the same point in spacetime. We mostly work with
this first particle, but we occasionally need to assume a
second particle at rest in the rest frame of the observer.
However, when we only mention ”particle”, we refer to
the first particle which is moving relative to the observer.
We also mention that since we consider motions of par-
ticles relative to local inertial frames at a fixed point in
spacetime, the Lagrangian and Hamiltonian of the parti-
cle depend only on the velocity of particle relative to the
inertial frame and do not have space or time dependency.
A. Obtaining the general form of the free particle
Lagrangian
We have for the above-mentioned particle
dS = pidq
i −Hdt = −E0dτ, (8)
where E0 denotes the rest energy of the particle, and pi
and H denote momentum and energy of the particle rela-
tive to the observer. Since the particle has been assumed
to have a well-defined rest frame, according to our analy-
sis in section 3B, we must have E0 6= 0 and this is crucial
for the derivations that follow.
Here, S(t, qi) is a well-defined function whose exact
form does not matter. Equation (8) expresses infinitesi-
mal differences in this function in terms of space and time
intervals in the two frames. Since the particle is at rest in
its frame (where momentum is zero), space interval does
not appear in the right-hand side.
The equation allows us to obtain equations for mutual
time dilations between the two frames.3
To obtain the time dilation of the particle’s clock rel-
ative to the observer’s, we use the equation of motion of
the particle, dqi = vidt, relative to the observer frame,
where vi denotes the velocity of the particle relative to
that frame. Using this into equation (8), we obtain
dt = −dτE0/L. To obtain the other time dilation, i.e.
the time dilation of the observer’s clock relative to the
particle’s, it suffices to use the equation of motion of the
observer’s clock in its frame, which is simply dqi = 0.
This yields dτ = dtH/E0.
3 We use time dilation only as a jargon here since at this stage
of the analysis we only know that the time intervals are not
invariant due to the invariance of action. The same applies to
the term length contraction.
7Here, we have used the action function of the first par-
ticle to obtain the mutual time dilations between the two
frames. Now, we assume the above-mentioned second
particle at rest relative to the observer and we apply its
action function to obtain the same time dilation rela-
tions. If we denote the action function and the rest en-
ergy of this particle by S′ and E′0, respectively, we can
obtain for the same time dilations that dt = dτH ′/E′0
and dτ = −dtE′0/L′, respectively, where H ′ and L′ are
Hamiltonian and Lagrangian of the second particle rela-
tive to the frame of the first particle.
It follows from the above time dilation relations that
H ′
E′0
= −E0
L
, −E
′
0
L′
=
H
E0
. (9)
Here, H must be treated as a function of vi through the
dependence of pi on v
i, that is, we have H = H(pi(v
j)).
Similarly, we have H ′ = H ′(p′i(v
′j)), where p′i and v
′i
denote, respectively, the momentum and the velocity of
the second particle (sitting in the observer’s frame) rela-
tive to the first particle (moving relative to the observer).
An implicit relationship between v′i and vi is implied by
equations (9).
Before continuing, we mention that a symmetry of mu-
tual time dilations between the two frames (that is, dτ/dt
in one time dilation be equal to dt/dτ in the other one)
requires having −E0/L = H/E0 and −E′0/L′ = H ′/E′0
(which, because of (9), are not independent equations),
or simply HL = −E20 and H ′L′ = −E′20 . We show be-
low that this symmetry exists, if we assume Euclidean
geometry of space in our inertial frames.
Writing (9) in the form of H ′L = −E0E′0 = HL′ and
using the relationship between Lagrangian and Hamilto-
nian, we obtain
p′iv
′i
pivi
=
L′
L
=
H ′
H
= −E0E
′
0
HL
. (10)
Now, because of the relationship L′ = −E0E′0/H , we
can write p′iv
′i = v′i∂/∂v′i(−E0E′0/H), which using the
equality of the first and last fractions in (10) yields
v′i
∂
∂v′i
(
1
H
) = vi
∂L
∂vi
1
HL
. (11)
We must now use a relationship between the velocities
of the two particles, v′i and vi, relative to each other.
In the standard configuration of coordinate axes, where
the corresponding coordinate axes of the two frames are
parallel to each other, one finds v′i = −vi. From this,
we have v′i∂/∂v′i = vi∂/∂vi.4 Then, we obtain from the
recent equation that
4 This applies also to the largest class of configurations of axes
vi
∂
∂vi
(HL) = 0. (12)
If we employ here the usual assumption of Euclidean
geometry of space in inertial frames, this equation re-
duces to v∂(HL)/∂v = 0, where v is the speed of parti-
cle. So, if v is nonzero, we find that HL does not depend
on v and therefore has the same value as for v = 0, that
is −E20 (L(v = 0) = −E0, H(v = 0) = E0). Therefore,
in the Euclidean space we have
HL = −E20 . (13)
This is, as mentioned above, the condition of mutual
time dilations symmetry between the two frames. So, we
observe that invariance of action and Euclidean geometry
of space provide the symmetry of mutual time dilations
between any two inertial frames.
Using the definitions of Hamiltonian and momentum
(H = piv
i − L, pi = ∂L/∂vi), one easily obtains from
(13) that
vi
∂
∂vi
(L2 − E20) = 2(L2 − E20 ). (14)
In the Euclidean space, this yields L2−E20 = Av2, where
A is a constant independent of velocity. By redefining
this constant as A = −KE20 , where K is a new constant
independent of velocity and the minus sign is for later
convenience, the free particle Lagrangian is obtained as
L = −E0
√
1−Kv2. (15)
We have chosen the minus sign behind the square root,
because the equation must reduce to L = −E0 for v = 0.
From the way K has been introduced, it is not obvious
that this constant is independent of E0 or is universal, or
even is positive. All we know for the moment is that K
must be nonzero and finite in order for the Lagrangian
to make sense. (No implicit dependence of E0 on K is
understood from our analysis.) This restriction on K is
also implied by the resulting expressions of energy and
momentum,
pi = E0K
δijv
j
√
1−Kv2 , (16a)
H =
E0√
1−Kv2 = E0
√
1 +
p2
KE20
. (16b)
where the two relative velocity vectors are related to each other
by an arbitrary matrix R in the form v′i = Rijv
j . The impor-
tance of this note is that an equation like (12) which is supposed
to hold in one inertial frame can not depend on the configuration
of axes relative to another frame.
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inserting them into (8), we obtain
dτ = γ(dt−Kδijvjdqi), γ ≡ 1√
1−Kv2 . (17)
One can immediately understand from this equation
that K does not depend on E0 since none of the other
quantities in the equation is assumed to do so. Similarly,
K does not depend on E′0 (the rest energy of the second
particle) either. These can be shown more concretely, as
follows.
We first note that the time dilation of the particle rel-
ative to the observer (obtained from dqi = vidt) reads
as dt = γdτ . Had we started from considering the ac-
tion function of the second particle (at rest relative to
the observer), S′, we would have obtained the equation
dt = γ′(dτ + K ′δijvjdui), where γ′ = (1 − K ′v2)−1/2
and we have assumed v′i = −vi for the velocity of the
first frame relative to the second. Then, for the same
time dilation we would have obtained (using dui = 0):
dt = γ′dτ . Considering the two expressions of the same
time dilation, one obtains γ′ = γ and therefore K ′ = K.
Since the rest energies of the two particles, E0 and E
′
0,
can be arbitrarily different, we conclude that not only
the constant K is shared between the two frames consid-
ered here, but, it is also independent of the particles’ rest
energies.5
We, however, do not conclude immediately that K is
absolutely universal. In fact, we still let K be a property
of the pair of frames or of the transformation between
the pair of frames, meaning that when considering three
frames A, B, and C, we let K differ from the transfor-
mation between A and B to the transformation between
B and C.6
5 This actually means that the space and time measurements using
clocks and meter sticks in inertial frames do not depend on the
masses of those clocks and meter sticks. Such a statement may
be invalid in the quantum gravity regime.
6 We should mention at this point, before completing the deriva-
tion of Lorentz transformation, that the invariance of action and
Euclidean geometry of space not only provide a symmetry of mu-
tual time dilations between the two frames, as shown previously,
but also a symmetry of mutual longitudinal-length contractions,
which is shown as follows (here, by the term ”longitudinal” we
mean parallel to the relative velocity). Consider the equation
dS = −E0dτ = pidq
i − Hdt for the particle once more. Also,
consider an infinitesimal rod at rest in the frame of particle which
is defined by intervals dui and dqi in the two frames. Since the
observer measures the length of the rod instantaneously (dt = 0),
we have: dτ = −dqipi/E0. The same procedure can be de-
scribed using the equation dS′ = −E′
0
dt = p′idu
i − H′dτ of
the second particle at rest relative to the observer, which using
dt = 0 yields: dτ = duip′i/H
′. From these two results, and using
the expressions of energy and momentum (eqs. (16)), we obtain
γδijv
jdqi = δijv
jdui. Similarly by putting a rod in the frame of
observer and considering the two equations of action functions
we obtain γδijvjdui = δijvjdqi, which considering the previous
result shows the symmetry of longitudinal length contractions
B. The general form of the transformation
Equation (17) is one equation of the transformation (in
the infinitesimal form) from the observer frame to the
rest frame of our first particle. The other equations of the
transformation may be written as dui = Aijdq
i + Bidt,
in which, using the equation of motion of the particle
relative to the two frames (dui = 0 and dqi = vidt), we
have Bi = −Aijvj , where Aij = Aij(vk). Now, the general
form of the transformation equations reads as:
dτ = γ(dt−Kδijvjdqi) (18a)
dui = Aij(dq
j − vjdt), (18b)
where γ = 1/
√
1−Kv2.
By putting the equation dqi = 0 and its equivalent
dui = −vidτ , in the above equations, one obtains
Aijv
j = γvi. (19)
In a one-dimensional problem, one immediately finds
from this equation that A = γ. In the case of more than
one dimension, one may proceed as follows.
Whatever form the coefficients Aij have, in the stan-
dard configuration of axes, they must be built function-
ally from the elements vi, δijv
j , and δij , where δij is the
Euclidean metric. One can convince oneself that the most
general expression for Aij for the standard configuration
of axes is Aij(v
k) = α(vk)δij +β(v
k)viδjlv
l, where α must
reduce to 1 for v = 0, if β remains finite. Any other
suggested form can be reexpressed in this form (adding
terms with any number of multiplications of vi, δijv
j , and
δij just leads to redefinition of α(v
k) and β(vk)). Then,
equation (19) immediately yields: β = (γ − α)/v2.
Therefore, the general form of the coefficients Aij , with-
out determining α, is
Aij(v
k) = αδij +
γ − α
v2
viδjlv
l, α = α(vk). (20)
For usage in the following subsection, we need to solve
the equations (18) for dt and dqi. From those equations,
we obtain (Aij−Kγviδjlvl)dqj = dui+vidτ . Multiplying
by α˜δki + β˜v
kδimv
m and deriving α˜ and β˜, we obtain
dt = γ(dτ +Kδijv
jdui) (21a)
dqi = A˜ij(du
j + vjdτ), (21b)
between the two frames. Regarding possible transversal length
contraction we can not say anything directly using the equation
dS = pidq
i − Hdt, since a transversal dqi disappears from this
equation. What we conclude here from the recent results is that
transversal vectors in one frame are transversal in the other frame
too.
9where
A˜ij(v
k) =
1
α
δij +
γ − 1/α
v2
viδjlv
l. (22)
C. Universality of the constant K
We prove the universality of K, and at the same time
determine α in (20), by taking a third inertial frame into
consideration.
Let us call our previous inertial frames with space-time
coordinate systems {t, qi} and {τ, ui}, the frames A and
B, respectively, and consider a third frame, called C,
with space-time coordinate system {σ,wi}. We assume
that the velocity of B relative to A is vi as before, and
those of C relative to B, and of C relative to A are v′i
and v′′i, respectively.
We assume that the transformation between the frames
A and B contains the constant K and the function α as
before. The transformations from B to C or from A to
C will contain an equation in the general form of equa-
tion (18a), though with different values for K. (This is
a consequence of Lagrangian formalism, not of the prin-
ciple of relativity (see section 6E) or group property of
transformations.) That is, we can write
dσ = γ′(v′k)(dτ −K ′δijv′jdui), (23a)
dσ = γ′′(v′′k)(dt−K ′′δijv′′jdqi), (23b)
where γ′(v′k) = (1 − K ′v′2)−1/2 and γ′′(v′′k) = (1 −
K ′′v′′2)−1/2, and v′′i, the velocity of C relative to A, is
found using the transformation between A and B in the
form of equations (21) as
v′′i =
A˜ij(v
′j + vj)
γ(1 +K~v.~v′)
=
1
αv
′i + γ−1/αv2 (~v.~v
′)vi + γvi
γ(1 +K~v.~v′)
.
(24)
Now, another way of expressing the equation (23b) is
to use equations (18) in (23a), which yields
dσ = γ′
{
γ(1 +K ′~v.~v′)dt
− [Kγvj +K ′αv′j +K ′ γ − α
v2
~v.~v′vj ]δijdqi
}
.
(25)
Comparison between equations (23b) and (25) shows
that we must have
γ′′ = γ′γ(1 +K ′~v.~v′) (26)
γ′′K ′′v′′j = γ′[Kγvj +K ′αv′j +K ′
γ − α
v2
~v.~v′vj ], (27)
or consequently
K ′′
1 +K ′~v.~v′
1 +K~v.~v′
{ 1
α
v′j + γvj +
γ − 1/α
v2
(~v.~v′)vj
}
=
K ′αv′j +Kγvj +K ′
γ − α
v2
~v.~v′vj .
(28)
Here, we have assumed that the γ factors are nonzero
and finite because the inertial frames are rest frames of
massive objects whose velocity, energy, and momentum,
as measurable quantities, must make sense.
The recent equation must be an identity for arbitrary
velocities vj and v′j . As a consequence, the coefficients
of the terms v′j , vj , and ~v.~v′vj on both sides must be
equal, respectively. From the second terms we obtain
K ′′
1 +K ′~v.~v′
1 +K~v.~v′
= K, (29)
which, since K, K ′ and K ′′ do not depend on velocity,
means that we must have K ′ = K = K ′′.
Then, we obtain from the first terms that
α2 = 1. (30)
Since the transformation between A and B must reduce
to identity in the standard configuration of axes, we must
have α = 1.
These results can be extended to any number of frames
by induction. So, K not only is not a property of particle
as shown before, it can not even be chosen arbitrarily for
the transformation between pairs of frames, and therefore
is a universal constant to be chosen once for all inertial
frames.
D. The sign of K
Knowing that K is a universal constant, we must deter-
mine its sign. This final information can be obtained as
follows. We first mention a consequence of Lagrangian
formalism for velocities of massive particles. If we de-
note the Lagrangian of a massive free particle relative
to two inertial frames by L(vi) and L′(v′i), because
of the invariance of action, we have L′dt′ = Ldt, or√
1−Kv′2dt′ = √1−Kv2dt, where t and t′ are time pa-
rameters in the two frames. This equation implies that
it is impossible for the velocity of a massive particle to
be finite in one frame and infinite in the other. (Infinite
velocity is possible only for K < 0.) So, v and v′ are
both finite or infinite, depending on what the sign of K
allows.
Now, Let us see the same issue from the perspective of
the equations of velocity addition:
dui
dτ
=
Aij(v
k)(dq
j
dt − vj)
γ(vk)(1−Kδijvj dqidt )
. (31)
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Multiplying both sides by δilv
l, we get the following equa-
tion, which is easier to analyze:
~v.~U =
~v.~V − v2
1−K~v.~V
. (32)
Here, V i = dq
i
dt and U
i = du
i
dτ , and we have assumed that
γ(vk) is nonzero and finite for the same reason explained
in the previous subsection.
We already know from equations (15) and (16) that K
can not be zero or infinite in order for the Lagrangian
formalism to give meaningful results for massive parti-
cles. Also, we understand from the same equations and
the universality of K that for K > 0, there will be an up-
per limit c ≡ 1/
√
K for the velocity of massive particles,
while for K < 0 there will be no such an upper limit on
the velocity (There will, however, be an upper limit on
the momentum in this case).
Now, let us assume that K is negative and V i rep-
resents the velocity of a massive particle. Then, since,
in this case, there is no restriction on V i whatsoever,
it can be chosen such that we have ~v.~V = K−1, which
makes the denominator in the equation (32) vanish. This
means that, in the equations of velocity addition, it is
possible for the case of negative K that a finite velocity
of a massive particle in one frame appears as an infi-
nite velocity relative to another frame, which, regardless
of being meaningless physically, is inconsistent with the
consequence of invariance of action mentioned above, i.e.
the velocity of a massive particle can not be finite in one
frame and infinite in another one. On the other hand,
such a meaningless result or inconsistency with the in-
variance of action does not occur for a positiveK because
in this case, we have K~v.~V ≤ KvV < 1 (V = |~V |). This
holds even for the case V = 1/
√
K although this velocity
does not apply to massive particles since, according to
(16), it requires a zero rest energy. (For the same reason,
we assumed that the relative velocity of the two frames,
v, can not reach the upper limit 1/
√
K since, as discussed
in section 3B, the inertial frames are rest frames of mas-
sive objects.)
So, meaningfulness of velocity addition or consistency
of velocity addition with invariance of action requireK >
0. Consequently, the only meaningful possible value for
the universal constant K in the Lagrangian formalism
lies within the range 0 < K <∞.
It may be understood from equations (16) that 1/
√
K
is the speed of particles with no rest energy. Although
this is correct, but the argument is not correct since all
our derivations in this section, including the equations
(15) and (16), were based on the assumption of E0 6= 0,
and, therefore, can not be applied to massless particles.
Such particles require an analysis of their own, which is
presented in section 5.
5. MASSLESS PARTICLES
As discussed in section 3B, invariance of action implies
that particles with no rest energy can not have well-
defined inertial rest frame. From this, it is understood
that the velocity of such a particle can not be reached
by any moving observer, otherwise the rest frame of ob-
server would be a rest frame for the particle too. More-
over, from equations (16), it follows that for E0 = 0 we
can only have v = 1√
K
= c, which is the upper limit for
the speed of massive objects and reference frames. How-
ever, since the entire analysis in the previous section was
based on the assumption E0 6= 0, the case of massless
particles requires an analysis of its own.
A proper description of motions of such particles
is achieved by considering motions for which the La-
grangian L vanishes. This means that for such a mo-
tion we must have the stationarity condition δ
∫
(piv
i −
H(t, qi, pi))dt = 0, alongside the additional condition
piv
i − H(t, qi, pi) = 0. From the first, we obtain the
ordinary Hamilton equations for the motion, and then
using the second one, we obtain
H = pi
∂H
∂pi
. (33)
In the Euclidean space, this equation reduces to
H = p
∂H
∂p
, (34)
where p is the magnitude of momentum. The last equa-
tion has only one solution, which is
H = Cp, (35)
where C is a constant independent of the momentum and
energy. Using Hamilton equations, one easily obtains for
this motion that
v = C, (36)
where v is the speed of particle. Therefore, the speed of
a particle in Euclidean space in a motion for which the
Lagrangian vanishes is a constant, independent of energy
and momentum. In such a motion, p = 0 corresponds to
H = 0, and therefore, the particle does not have a rest
energy. It, therefore, according to section 3B, can not
have a well-defined inertial rest frame.
Now, this analysis is applicable in any inertial frame
because, due to the equation (3) and L being a scalar,
the equation L = 0 holds in all inertial frames. This,
however, does not directly show that C is the same in
all inertial frames, and the equality of C with the speed
constant c in the Lorentz transformation is not under-
stood immediately from the above analysis. For these,
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we require comparison between different inertial frames
and therefore employing the Lorentz transformation be-
tween them. At the moment, we just know that in order
for the energy to be finite, C must be finite in all inertial
frames.
We may divide the possible values of C into three
classes, C < c, C = c, and C > c, where c is the universal
speed constant in the Lorentz transformation. The case
C > c is discarded because according to the law of veloc-
ity addition, it allows a finite velocity C relative to one
inertial frame to appear as an infinite velocity relative
to another inertial frame, which is physically unaccept-
able. Moreover, an infinite velocity makes H infinite in
equation (35). The case C < c is also discarded because
we already know from equations (15) and (16) that any
v < c can be the speed of a massive particle and this
means that no v < c can be attributed to a particle with
no rest energy, otherwise, according to the law of veloc-
ity addition, the rest frame of the massive particle will
also be the rest frame of the massless particle which can
not have a rest frame. Therefore, the only possibility for
the energy-independent velocity C of massless particles
in Euclidean space is the universal constant c appearing
in the Lorentz transformation between inertial frames.
6. SOME REMARKS REGARDING THE
DERIVATION OF LORENTZ
TRANSFORMATION
A. Genuine role of dynamical considerations
An important point regarding the derivation of Lorentz
symmetry from Lagrangian formalism is to consider how
genuinely the derivation depends on relationships that
exist due to dynamical considerations, and not due to
purely geometric ones in the usual sense.
Our basic equation in that derivation was
dS = −E0dτ = pidqi −Hdt, (37)
which was applied to the motion of a free particle. If one
defines F = H/E0 and Gi = −pi/E0, this equation can
be re-expressed as the spacetime geometric relationship
dτ = Fdt+Gidq
i, (38)
where the coefficients are functions of relative velocity.
At first sight, it may look like that, in the previous
sections, we have just been dealing with geometric rela-
tionships in the disguise of dynamical quantities. How-
ever, one can easily observe that dynamical consider-
ations provide relationships between the coefficients in
this equation which are not understood (at least very
easily) from purely geometrical relationships. While ge-
ometric considerations (including the assumption of the
universality of the speed of light in the standard special
relativity) provide algebraic relationships between these
coefficients, dynamical considerations provide differential
relationships between them.
From the definitions of momentum and Hamiltonian,
one obtains pi =
∂L
∂vi =
∂
∂vi (pjv
j − H) or vj ∂pj∂vi = ∂H∂vi ,
which in terms of F and Gi defined above is
∂F
∂vi
= −vj ∂Gj
∂vi
. (39)
From purely geometric considerations, including the
assumption of universality of the speed of light, it is not
obvious why such a special differential relationship must
exist between F and Gi (of course this is without deriv-
ing the Lorentz transformation first!). By taking deriva-
tive from (38) with respect to vj and keeping dt and dqi
fixed, one finds that (39) means that dτ will be minimum
when vi is such that one has the relationship dqi = vidt
between space and time intervals, that is, for the mo-
tion of particle or reference frame. This is not a simple
assumption to think of, before deriving the transforma-
tion (or even after that!) while (39) is a simple equa-
tion with a simple interpretation in terms of dynamical
quantities. It is just a consequence of the definitions of
momentum and Hamiltonian and a trivial relationship
which directly does not have to say something specially
meaningful about the nature of space and time.
On the other hand, this trivial differential relationship
between momentum and Hamiltonian leads straightfor-
wardly to the determination of F and Gi. It suffices to
add to that equation the condition of mutual time di-
lations symmetry between the two frames, HL = −E20 ,
which in terms of F and Gi reads as F +Giv
i = 1/F (in
our approach, this symmetry is a consequence of invari-
ance of action in the Euclidean space; in special relativity,
it is an expectation based on the assumptions of univer-
sal light-speed and equivalence of inertial frames). Then,
one obtains using (39) that
Gi = − 1
F 2
∂F
∂vi
, vi
∂F 2
∂vi
= 2F 2(F 2 − 1), (40)
with solutions F 2 = (1−Kv2)−1 and Gi = −Kδijvj(1−
Kv2)−1/2.
This analysis clearly demonstrates the crucial role of
differential relationships such as (39), as consequences of
dynamical considerations, in determining the coefficients
in the equations of transformation.
B. Explicit absence of gravity in inertial frames
In our approach, it is easy to understand that one should
not seek a theory of gravity within the framework of
special-relativistic kinematics.
Unlike in special relativity, where inertial frames are
treated as abstract Cartesian coordinate systems moving
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relative to each other and Lorentz symmetry is derived
for such abstract systems, in our approach, we derived
this symmetry from the consideration of action functions
of particles sitting in inertial frames, and, as discussed in
section 3B, such particles are necessarily massive. There-
fore, in our approach, inertial frames are never abstract
coordinate systems, but are rest frames of massive ob-
jects. Nevertheless, in obtaining Lorentz transformation,
we neglected any gravitational effect of these objects on
each other. In the language of general relativity, we ne-
glected any tiny deviations of spacetime from flatness
(within local or global inertial frames) due to the pres-
ence of energy and momentum of particles.
This is also evident from the fact that, in section 4,
we assumed two distinct action functions, S and S′, in
4 dimensions for the particles sitting in the two consid-
ered inertial frames, instead of assuming one common
action function for two particles in their (7-dimensional)
extended configuration space.
The observation is that Lorentz symmetry is a conse-
quence of Lagrangian formalism by neglecting gravita-
tional effects of moving bodies and therefore is expected
to be applicable only in situations where gravitational
effects of particles are negligible. In other words, in
our approach, one explicitly expects the inapplicability
of Lorentz symmetry in the presence of gravitational ef-
fects of particles.
This not only rules out the possibility of formulat-
ing gravity within the framework of special-relativistic
kinematics, but in terms of which, it becomes reason-
able that the standard techniques of quantum field the-
ory do not work for gravity. The dispersion relation
E =
√
E20 + p
2c2 applied in quantum field theory is a
consequence of neglecting gravitational effects of parti-
cles and can not be used in the situations that those
effects become effective, for example for particles with
energies comparable with Planck energy.
C. Local inertial frames - Time dilation relative to
non-inertial frames - Gravitational time dilation
Although our discussion was concentrated on the deriva-
tion of Lorentz symmetry for inertial frames, which cov-
ers special relativity, but the formalism goes beyond that
and covers also the foundations of general relativity.
Since the derivation of Lorentz symmetry in section 4
was automatically for infinitesimal spacetime intervals,
the considered inertial frames do not need to be global
frames. The approach, therefore, applies to local as well
as global inertial frames.
For the time dilation of the particle relative to the
observer in that section we obtained, by considering the
action function of the particle, that dt = −dτ E0/L. In
that section we assumed that both the observer and the
particle are in inertial frames, which ended in the special-
relativistic equation dt = dτ(1 −Kv2)−1/2.
However, the equation dt = −dτ E0/L, by itself, only
requires that the particle be in an inertial frame, not
necessarily the observer, and a local inertial frame would
suffice for this matter since the equation is in infinites-
imal form. This means that the same equation can be
applied to some other situations as well. One such situ-
ation is when the particle is not freely moving according
to the observer (that is, it is under interaction), but, the
rest frame of the particle remains at least locally inertial.
A second situation that the same time dilation relation
applies is when the particle is in a global inertial frame
but the observer is accelerating. In other words, when
the particle is in a local or global inertial frame but the
observer is not, the observer still observes a time dilation
for the particle, determined by the Lagrangian of particle
relative to the observer reference frame, no matter what
the state of motion of the observer is.
The second situation mentioned here describes the
time dilation of a free particle relative to an accelerating
observer, while the first one, according to the experiences
underlying the Einstein equivalence principle, happens
for particles moving in a gravitational field. Therefore,
the time dilation equation mentioned above describes
also gravitational time dilation. In this situation, the
Lagrangian L describing the motion of the freely falling
particle is a general function L(t, qi, vi) expressible as
L = −E0
√
g00 + 2g0ivi + gijvivj because of (3) and (6).
The metric gµν is in general Finsler, but, it reduces to a
Riemann metric because of Lorentz symmetry in (local)
inertial frames which provides a pseudo-Euclidean metric
in those frames.7
D. Insufficiency of an apparently short argument
Based on the appearance of the equation dS = pidq
i −
Hdt, one may suggest a much shorter argument and
derivation, compared with what was presented in section
4, for concluding Lorentz symmetry as a consequence of
invariance of action. We first mention the argument and
then argue that it is not correct.
The equation dS = pidq
i − Hdt = pµdqµ, where
pµ = (−H, pi) and qµ = (t, qi), can be recast in the
form dS = ηµνp
νdqµ, where ηµν = diag(−1, 1, 1, 1)
and pν = (H, pi). The right-hand side of the equation
dS = pµdq
µ is the same in any arbitrary coordinate sys-
tem of any type. However, if one chooses a coordinate
system in which pi and therefore p
µ appear as vectors
7 One point to be noted in this regard is that the inertia-gravity
equivalence principle is implicit in the assumption of inertial
frames. In other words, when we assume that some frames are
inertial we are implicitly employing the equivalence principle. If
there was no such a property for gravity, it would have been
impossible to have even a single (local) inertial frame in the uni-
verse, since different objects in one reference frame would have
different accelerations relative to another object and therefore
assigning a common rest frame to different objects would have
been impossible.
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like dqi and dqµ, that is a Cartesian coordinate system,
then a transformation dqµ = Λµσdq
′σ will be accompanied
by a transformation pµ = Λµσp
′σ and the matrix ηµν will
be the same in all such coordinate systems, i.e. one has
ηµνΛ
µ
σΛ
ν
λ = ησλ. It is already well-known that a trans-
formation of Cartesian coordinates which preserves this
ηµν is a Lorentz transformation. It is not hard to under-
stand that a velocity constant c must be introduced in
the derivation to compensate for the difference between
units of space and time coordinates and it will finally ap-
pear as an invariant velocity under the transformation.
The point to be noted about this argument is that the
minus sign behind H in the equation of dS is due to the
definition of Hamiltonian. If we defined H = L − pivi,
it would disappear and we must have obtained a trans-
formation preserving a matrix ηµν = diag(1, 1, 1, 1)! So,
appealing directly to the appearance of equation dS =
pidq
i − Hdt to conclude Lorentz symmetry as a conse-
quence of invariance of action does not provide a sound
argument. For that matter, one has to employ a more
careful argument like the one presented in section 4.
It is, however, interesting to examine what happens if
we change the definition of Hamiltonian to H = L−pivi.
The basic equation would be dS = pidq
i + Hdt =
E0dτ , and the symmetry of mutual time dilations would
yield HL = E20 leading to the same equation (14) for
L, but this time with the solution L = E0
√
1−Kv2,
since now L must reduce to E0 for v
i = 0. From this
Lagrangian, one obtains
pi = −E0K δijv
j
√
1−Kv2 , (41a)
H =
E0√
1−Kv2 , (41b)
leading to the same equation (17). All the arguments for
the derivation of Lorentz symmetry would be as before
and would lead to the same Lorentz transformation with
K > 0.
So, the above-mentioned short argument is not correct,
since changing the definition of Hamiltonian by a minus
sign, which changes the appearance of the equation of
dS, does not affect the Lorentz transformation derived.
This is, of course, pleasing because we do not expect
fundamental physics depend on our choices or definitions.
We, however, observe that for the modified definition
of H , momentum of the particle is on the opposite di-
rection relative to its velocity, and if we assume E0 < 0
to compensate that, this makes H < 0. The latter is
meaningless if we keep the usual notion of kinetic energy
(H − E0) as the work done on the particle (
∫
vidpi) to
set it in motion. For both definitions of H , the condition
H − E0 > 0 requires E0K > 0, and since K is universal
and positive, we require E0 > 0 for that matter.
In short, if one defines H = λH(p.v − L), K = λK |K|,
and L = λL|E0|
√
1−Kv2, where λ2H = λ2K = λ2L = 1,
then the conditions E0 ≥ 0 (required for H − E0 > 0)
and p.v ≥ 0 (required for ∫ vidpi > 0) as physical require-
ments lead respectively to λHλL = −1 and λKλL = −1,
and therefore, λH = λK . Then, since consistency of ve-
locity addition with Lagrangian formalism requires λK =
+1, as mentioned in section 4, we must have λH = +1,
i.e. we must define H as usual in order to keep the men-
tioned conditions. This justifies the usual definition of
Hamiltonian.
In other words, changing the definition of Hamiltonian
does not affect Lorentz symmetry, but, Lorentz symme-
try alongside physical requirements (E0 ≥ 0, p.v ≥ 0)
determines the suitable definition of Hamiltonian.
E. On the principle of relativity (equivalence of
inertial frames )
In our derivation of Lorentz transformation, universality
of the speed of massless particles was derived as a final
consequence of invariance of action (in Euclidean space).
Therefore, the second postulate of special relativity has
not been used. However, it appears that even the prin-
ciple of relativity, the first postulate of special relativity,
has not been employed in the derivations as a principle
distinct from or more fundamental than the formalism of
classical dynamics.
One may confirm by inspection that in no part of the
derivations in sections 4 and 5 we appealed to equiva-
lence of inertial frames to conclude something that is not
derivable directly or by a sequence of derivations from
Lagrangian formalism. All parts of the derivations, in-
cluding spatio-temporal symmetry of inertial frames in
Euclidean space, were systematic consequences of invari-
ance of action in the Lagrangian formalism,
Not appealing to the equivalence of inertial frames as a
distinct assumption besides Lagrangian formalism is evi-
dent from the fact that we did not assume the universality
of either the constantK (in the transformation equations
in section 4) or the constant C (the speed of massless
particles in section 5) based on the assumption of equiv-
alence of inertial frames, but we got those as systematic
consequences of Lagrangian formalism. Likewise, we did
not appeal to the equivalence of inertial frames for the
derivation of α in the equations of the transformation,
which could be done by making a comparison between
equations (18) and their inverse (21).
Two points should be added in this regard. First, the
very applicability of Lagrangian formalism in different in-
ertial frames is not an application of the principle of rel-
ativity but a consequence of the Lagrangian formalism
itself. This is simply because, following our discussion
in section 3A and the equivalence between equations (2)
and (4), Lagrangian formalism is intrinsically invariant
under arbitrary change of coordinate system in the ex-
tended configuration space (spacetime in this case). It,
therefore, applies in different inertial frames too. Sec-
ond, the assumption of Euclidean geometry of space in
different inertial frames, employed for the derivation of
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Lorentz transformation, should not be considered as an
application of the principle of relativity. As the analysis
of section 7 suggests, this assumption is equivalent to the
statement that the frame is inertial, and is not a special
or distinct law of nature to be held in different inertial
frames. In fact, without this assumption the frame would
not be the subject of the principle of relativity at all.
So, in our approach, the derivations were all conse-
quences of the Lagrangian formalism and they did not re-
quire the assumption of the equivalence of inertial frames
as an additional assumption or an assumption more fun-
damental than the formalism of classical dynamics.
Now, we may even argue that the equivalence of in-
ertial frames (with respect to Lorentz symmetry) can be
considered as the consequence of the formalism. As far
as one is concerned with classical particle dynamics, this
equivalence is implied by Lagrangian formalism. How-
ever, since the derived Lorentz symmetry is a spatio-
temporal symmetry, this equivalence automatically ap-
plies also to any field theory that is expressible in terms of
space and time coordinates, using differential equations.
This fairly includes all known applications of Lorentz
symmetry in classical and quantum field theory. There-
fore, for the known applications of Lorentz symmetry,
the equivalence of inertial frames can be considered as a
systematic consequence of Lagrangian formalism.
7. REDUCTION OF FINSLER METRIC TO
RIEMANN AND THE MEANING OF THE
EUCLIDEAN GEOMETRY OF SPACE IN
INERTIAL FRAMES
The assumption of Euclidean geometry of space in iner-
tial frames was a fundamental assumption for the deriva-
tion of Lorentz transformation in section 4. Here, we
discuss the relationship between the Euclidean geometry
of space and inertiality of the frame.
In section 4, we showed two things without making ref-
erence to the geometry of space. First, using the equation
dS = pidq
i −Hdt and the notion that the particle is at
rest in its rest frame, we showed that the condition for
symmetry of mutual time dilations between two inertial
frames is equivalent to the equation HL = −E20 . Second,
by considering action functions of two such particles, we
obtained (equation (12)):
vi
∂
∂vi
(HL) = 0. (42)
This equation has two solutions: either HL is a con-
stant, or it is a homogeneous function of degree zero in
vi.
In section 4, we showed that the assumption of Eu-
clidean geometry of space yields HL = −E20 as the only
solution for that equation (for arbitrary vi). Since all the
rest of derivations up to the Lorentz transformation and
universality of the speed of massless particles followed
from the equation HL = −E20 , we can say that Euclidean
geometry of space in inertial frames is the most funda-
mental empirical fact underlying Lorentz symmetry; it is
certainly more fundamental than the universality of the
speed of massless particles, which, as was shown, does
not need to be postulated as an empirical fact or a fun-
damental assumption about the nature of space and time.
In the following, we consider consequences of equation
(42), if we do not impose the Euclidean geometry of space
as an assumption.
The first thing we note is that HL as a homogeneous
function of degree zero in vi is inconsistent with one as-
sumption that has been used in the derivation of equation
(42), i.e. the assumption that the particle is at rest in its
inertia frame. This is because any function f(vi) which
is homogeneous of degree zero in vi can be written as
f(v1v3 ,
v2
v3 , 1), in 3-space. Such a function does not depend
on the magnitude of the velocity components, but de-
pends on the direction of velocity. As a consequence, it
is ill-defined or in fact undefined for the vanishing velocity
(all components of vi vanish). This is inconsistent with
the assumption that the particle is at rest in its inertial
frame, because in this case we have H(vi = 0) = E0 and
L(vi = 0) = −E0, and therefore we have the well-defined
value HL = −E20 for vi = 0. So, we observe that the
mentioned assumption does not allow HL to be a func-
tion of vi at all, and therefore, according to which, HL
must be −E20 for arbitrary vi. This means that the equa-
tion HL = −E20 as the acceptable solution of equation
(42), which was obtained as a consequence of imposing
the assumption of Euclidean geometry of space in section
4, actually does not require this assumption about the ge-
ometry of space and is a consequence of the assumption
that the particle is at rest in its inertial rest frame.
Below, we argue that the fundamental reason behind
this observation is that the statements space is Euclidean
and the frame is inertial are equivalent.
To observe this, we consider the consequences of equa-
tion (42) for the geometry of spacetime, if we do not
impose the assumption of Euclidean geometry of space.
The Euclidean geometry of space in inertial frames, as
was shown, provides Lorentz symmetry between inertial
frames, implying a Minkowski spacetime in those frames,
and therefore, a general Riemann metric in arbitrary co-
ordinate systems in spacetime. However, as mentioned
in section 3D, in the Lagrangian formalism, the metric
of spacetime can be of Finsler type, in general, instead
of strictly Riemann type.
Since equation (42) was obtained before making any
reference to geometry, it is supposed to hold even when
the geometry of spacetime is Finsler.
From the definition of Finsler metric in (6) and of L in
(3) we have
L = α0
√
g00 + 2g0ivi + gijvivj , (43)
where, vi = dq
i
dt , and gµν(q
λ, q˙λ) are homogeneous func-
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tions of degree zero in q˙µ = dq
µ
dτ , and τ is an arbitrary
parameter. Comparison with (15) shows that α0 can be
identified with −E0. Because of the zero-degree homo-
geneity of the metric, we can write gµν(q
λ, dq
λ
dτ )(
dτ
dt )
0 =
gµν(q
λ, dq
λ
dτ
dτ
dt ) = gµν(q
λ, 1, vi) and therefore gµν can be
considered as functions of vi. If they do not depend on
vi, they will represent a Riemann spacetime. There are
no specific conditions on the functionality of gµν in terms
of vi at the moment.
From the Lagrangian (43), one obtains
HL = −α20 f(0)(vi), (44)
where,
f(0)(v
i) = g00 + g0iv
i − 1
2
vi
∂g00
∂vi
− vi ∂g0j
∂vi
vj
− 1
2
vi
∂gjk
∂vi
vjvk.
(45)
Because of (42), f(0)(v
i) must be homogeneous of degree
zero in vi, hence the subscript ’(0)’.
We have derived (44) from the most general La-
grangian (43) in Finsler spacetime, without actually en-
forcing the condition (42). However, similar to what was
done in section 4, we may do the reverse and obtain the
Lagrangian from (44), knowing that f(0)(v
i) must be ho-
mogeneous of degree zero in vi. In other words, we may
derive the consequences of equation (42) for the form of
the Lagrangian (43), and obtain the general form of La-
grangian for a free particle in Finsler spacetime.
We will have
vi
∂
∂vi
(L2 − α20f(0)(vk)) = 2 (L2 − α20f(0)(vk)), (46)
which shows that L2 − α20f(0)(vk) is homogeneous of de-
gree 2 in vi. So, the general form of the free particle
Lagrangian in Finsler spacetime reads as
L = α0
√
f(0)(vi) + f(2)(vi), (47)
where f(2)(v
i) is an undetermined function homogeneous
of degree 2 in vi. f(0)(v
i) and f(2)(v
i) must be expressed
in terms of the metric components.
Using the equation L = L dtdτ (equation (3)), we obtain
L = α0
√
f(0)(vi)(
dt
dτ
)2 + f(2)(vi)(
dt
dτ
)2
= α0
√
f(0)(q˙i)t˙2 + f(2)(q˙i),
(48)
where q˙µ = dq
µ
dτ and we have used f(2)(v
i)t˙2 = f(2)(q˙
i)
because of the second-degree homogeneity of f(2) in its
arguments. Using this Lagrangian in the definition of
Finsler metric (equation (6)) to obtain gµν , we obtain
g00 = f(0)(q˙
i)
g0iq˙
i =
(∂f(0)
∂q˙i
t˙
)
q˙i = 0
gij q˙
iq˙j =
(1
2
∂
∂q˙i
∂f(0)
∂q˙j
t˙2 +
1
2
∂
∂q˙i
∂f(2)
∂q˙j
)
q˙iq˙j
= f(2)(q˙
i)
(49)
and therefore
f(0)(v
i) = g00,
g0iv
i = 0
f(2)(v
i) = gijv
ivj .
(50)
These results could also be read off directly from (48).
These equations show that g00 and gij , which are ho-
mogeneous of degree zero in q˙λ but supposedly arbitrary
functions of vi according to the definition of Finsler met-
ric, are homogeneous of degree zero in vi, as a conse-
quence of equation (42).
Because of (50), equation (44) reduces to
HL = −α20 g00. (51)
As discussed above, the statement that HL is homoge-
neous of degree zero in vi, instead of being the constant
−E20 , is inconsistent with the notion that the particle is
at rest in its inertial frame. Now, equation (51) implies
that g00 being homogeneous of degree zero in v
i, too, is
inconsistent with the notion of having a particle at rest
in its inertial frame.
What we observe here is a conflict between Finsler ge-
ometry of spacetime and the assumption that the particle
is at rest in its inertial rest frame.
The conflict is resolved only for g00 not being a func-
tion of vi at all. Since in transformation between differ-
ent frames, the components of metric get mixed to each
other, it follows that all components of metric must be
independent of vi in order for g00 to become indepen-
dent of vi in all such frames. In other words, the conflict
is resolved only if the metric is reduced to a Riemann
metric.
So, we observe that Finsler spacetime is incompatible
with this simple notion that a particle is sitting at rest in
its inertial frame, and since the concept of inertial frame
means that the particle can be freely at rest, this implies
that Finsler spacetime is incompatible with the notion of
inertial frame. (We remember that the assumption that
the particle is freely at rest in a frame and will remain
so — if the frame were hypothetically global — means
that the frame is inertial.) In other words, the concept
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of inertial frame has meaning and possibility only in a
Riemann spacetime.8
Now, since in a Riemann spacetime, one can always
find local Cartesian frames with Euclidean metric for
space, it follows that the concept of inertial frame is not
separable from the assumption of Euclidean geometry of
space in such frames and in fact is equivalent to that
assumption. In other words, when we assume that a ref-
erence frame is inertial, we are assuming that geometry
of space in that frame is Euclidean.
This point is specially important for any derivation
of Lorentz symmetry, including ours in section 4, where
one assumes that geometry of space in inertial frames is
Euclidean. From the above analysis it becomes clear that
the assumption of Euclidean space is not an assumption
added to the assumption of inertial frame. It has the
same meaning.
Another aspect of the above issue with Finsler met-
ric is as fallows. In Finsler spacetime, along with los-
ing the concept of inertial frame, we also lose the es-
sential symmetry property of freely moving frames, even
if we somehow give the meaning of inertiality to such
frames in Finsler spacetime. Since the condition of sym-
metry of mutual time dilations between two frames, in
which, particles can be freely at rest, is equivalent to
the equation HL = −E20 and this equation, as discussed
above, does not hold in Finsler spacetime, we conclude
that in a general Finsler spacetime, there is no symmetry
of mutual time dilations between freely moving reference
frames. Even if we somehow generalize the concept of
inertial frame for Finsler spacetime, we still encounter
the problem that the frames do not have spatio-temporal
symmetry relative to each other. From a phenomenolog-
ical point of view, calling freely-moving frames in Finsler
spacetime equivalent is problematic, even though the
general formalism of classical dynamics still applies in
them.
8. ENERGY-INDEPENDENT VELOCITY AS A
GENERAL TYPE OF MOTION IN CLASSICAL
DYNAMICS
In section 5, we concluded the universality of the speed
of massless particles as a (final) consequence of the in-
variance of action and Euclidean geometry of space, and
the derivation of Lorentz symmetry in section 4 did not
require the assumption of universal light-speed as a fun-
damental kinematical principle about the nature of space
8 In a Riemann spacetime, then, for vi = 0, we obtain L = α0g
1/2
00
and we must have L = −E0. α0 is identifiable with −E0 and
g00 can be made 1 be redefining the time coordinate in the lo-
cal frame. Considering Euclidean geometry of space in inertial
frames, the general form of free particle Lagrangian in inertial
frame will be obtained as L = −E0
√
1−Kδijvivj , and for de-
termining the properties ofK, one must follow an analysis similar
to the one given in section 4.
and time. One observation which is consistent with this
conclusion and supports our proposition of maintaining a
unifying view regarding relativity and classical dynamics
is that the concept of energy-independent velocity, which
is considered as the characteristic of massless particles in
the standard formulation of relativity, is actually a more
general concept in classical dynamics and in fact a type
of motion appearing even in massive systems, and the
universal speed of massless particles is just one example
of such a motion. Masslessness or universality of speed
are not fundamental requirements in order for a system
to have an energy-independent motion in terms of appro-
priate canonical coordinates.
In the following subsections, we first discuss the gen-
eral definition and properties of motions with an energy-
independent velocity, and then, by mentioning some ex-
amples, we show how this general type of motion may
find specific properties in different physical conditions.
A. General definition and properties of motions
with an energy-independent velocity
Let us assume that we are describing a motion for which
the Lagrangian vanishes. As mentioned also in section 5,
this means that we must have the stationarity condition
δ
∫
(piv
i − H(t, qi, pi))dt = 0 alongside with the addi-
tional condition piv
i − H(t, qi, pi) = 0 for the extremal
path. The first equation yields the ordinary Hamilton
equations, and, then, from the second equation one ob-
tains
pi
∂
∂pi
H = H, (52)
which means that H must be homogeneous of degree one
in pi. This, in turn, yields
pi
∂
∂pi
vj = 0, (53)
which means that vj is homogeneous of degree zero in pi
in this motion.
These properties imply that multiplication of momen-
tums pi by any numerical factor multipliesH by the same
factor, and vice versa, and vj will remain unaffected.
So, in general, if a motion is such that the Lagrangian
vanishes, the velocities vj of such a motion are indepen-
dent of the energy and momentum of the particle. Since
motion of light and massless particles, discussed in sec-
tion 5, is an example of this type of motion, we may call
such a motion a light-like motion.
Since properties of such a motion depend on the van-
ishing of Lagrangian, and Lagrangian in general is not
canonically-invariant, this concept is not canonically-
invariant. In other words, a motion which is light-like
(energy-independent) in one canonical system can be an
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ordinary (energy-dependent) motion in another canoni-
cal system, and vice versa.
In section 5, we discussed such a motion for one-
particle systems in the ordinary Euclidean space, and we
do not repeat it here. We explore some other examples
of such a motion in various physical conditions.
B. In Riemann spacetime
In a Riemann spacetime, the equation L = 0, or equiva-
lently L = 0 due to (3), leads to gµνpµpν = 0. From this
equation, one easily obtains
H =
g0ipi
g00
±
√(
g0ipi
g00
)2
−
(
gijpipj
g00
)
, (54)
which is first-degree homogeneous in pi and satisfies (52).
By assuming g0i = 0, it is clear that the motion de-
scribed by this Hamiltonian is possible only in a pseudo-
Riemannian spacetime (Lorentzian signature).
As far as the transformation between observers is as-
sumed to be a point transformation of spacetime, this
light-like motion is observer-independent, since equation
L = 0 is coordinate-independent in spacetime.
Such a motion may have specific properties in various
examples of Riemannian spacetime.
In Schwarzschild geometry, one has
H =
√(
1− 2GM
r
)[(
1− 2GM
r
)
p2r +
p2θ
r2
+
p2ϕ
r2 sin2 θ
]
.
(55)
Radial light-like motion (pθ = 0, pϕ = 0) is possible
on both sides of the horizon, while circular light-like
motion (pr = 0) is possible only outside the horizon.
Moreover, using Hamilton equations one easily finds
that the circular motion is possible only for r = 3GMc2 , as
is already well-known.
In a geometry, like Kerr, where g0i 6= 0, there are two
sets of light-like motions possible corresponding to the
± signs in (54).
In a flat FLRW geometry, one finds
H =
c
a
(δijpipj)
1/2 =
c
a
p, (56)
where a(t) is the scale factor. Since, according to Hamil-
ton equations, pi, canonical momentums corresponding
to co-moving coordinates, are constants of motion, this
equation means that speed of light-like motion in the
co-moving frame decreases by expansion as c/a(t). This
equation is, however, usually interpreted as the decrease
of physical momentum by expansion as p/a(t), although,
the first interpretation seems more relevant from the
viewpoint of Hamilton equations and the chosen coor-
dinate system.
C. In anisotropic space
Equation (52) by itself can have varieties of solutions in
more than one dimension. That equation is mathemati-
cally too general and finds different types of solution in
different physical conditions. In Euclidean space which
is an isotropic space, it has only one solution, which is
H = Cp, where C is a constant independent of energy
and momentum, and p is the magnitude of momentum.
However, in an anisotropic environment, the equation
H = Cipi, (57)
Ci being distinct constants independent of energy and
momentum, is a solution to equation (52). In this situa-
tion, velocity of the particle performing light-like motion
is different in different directions.
D. Harmonic and anti-harmonic motions as
light-like motions
The fact that the angular velocity of classical oscillator
does not depend on the energy of the system can be re-
lated to the issue of light-like motions and be interpreted
as a consequence of performing a light-like motion in an-
gular canonical system. It is known [4] that the Hamil-
tonian
H =
p2
2m
+
1
2
kq2 (58)
can be written as
H = ωPΘ; ω =
√
k
m
, (59)
by the canonical transformation
p =
√
2PΘmω cosΘ, q =
√
2PΘ
mω
sinΘ. (60)
In the canonical system of Θ and PΘ, the Lagrangian of
the oscillator vanishes and the angular velocity (Θ˙ = ω)
becomes independent of the angular momentum PΘ and
of the energy H , as expected. Therefore, an ordinary
motion like harmonic oscillation of a massive system in
the ordinary space appears as a light-like motion in an
appropriate canonical system.
A similar analysis can be done for anti-harmonic mo-
tion (H = p2/2m−kq2/2), replacing triangular functions
in (60) by hyperbolic functions.
18
E. Motion of light as harmonic/anti-harmonic
motion
Linear energy-independent motion of light in the ordi-
nary space can be expressed as an energy-dependent mo-
tion, such as harmonic oscillation, in terms of appropriate
canonical coordinates. We assume that we are dealing
with a one dimensional motion described by canonical
linear variables q and p. In order to express the motion
of light as a harmonic oscillation, we have to introduce
a length parameter λ such that q/λ (λ = λ/2π) can be
considered as the phase of the oscillator (that is, Θ of
the previous subsection be identified with q/λ). In other
words, we are reinterpreting the linear coordinate q as an
angular coordinate in order to use a transformation like
(60). We now have ω = Θ˙ = c/λ and from the equation
H = ωPΘ = pc, we obtain PΘ = λp. Now, using the
canonical transformation
P =
√
2pcα cos
q
λ
, Q = λ
√
2p
cα
sin
q
λ
, (61)
where α is a free parameter, the Hamiltonian H = pc is
expressed as
H =
P 2
2α
+
1
2
c2α
λ2
Q2. (62)
Here, in terms of coordinate Q, the motion of light
is momentum-dependent and energy-dependent as for an
ordinary oscillator (in a Cartesian coordinate):
Q˙ =
P
α
= ±
√
2H
α
− c
2
αλ2
Q2. (63)
Similarly, one can represent the motion of light as an
anti-harmonic motion.
F. Generality for systems with one degree of
freedom
For systems with one degree of freedom, any ordi-
nary (energy-dependent) motion can be expressed as an
energy-independent motion in a canonical coordinate sys-
tem. If H(q, p) is the Hamiltonian of such a system in
terms of a canonical coordinate q for which the motion
is energy-dependent, one can define P (q, p) = 1ωH(q, p)
as the canonical momentum corresponding to a canoni-
cal coordinate Q = Q(q, p), whose exact functionality in
terms of q and p does not matter. From the new Hamil-
tonian H ′(Q,P ) = H(q, p) = ωP , one obtains Q˙ = ω
and L′ = PQ˙−H ′ = 0.
Of course, such a mathematical generality is not al-
ways accompanied by physical significance. Here, one
may simply set ω = 1 and define H(q, p) as the new
canonical momentum and mathematically obtain a triv-
ial energy-independent constant velocity with no physical
significance. It is understood that it is only for few sys-
tems, such as harmonic oscillator and massless particles,
that the energy-independent velocity has direct physical
meaning and usefulness.
G. Light-like motion as a general concept
As the above examples show, the notion of energy-
independent velocity, for the generalized meaning of the
term velocity, is a general type of motion in classical dy-
namics. In terms of the coordinates of the ordinary space
and for one-particle systems this motion is possible only
for massless particles, but, in some canonical coordinates,
it appears even for massive particles.
Despite the above statement in the previous subsection
regarding the physical significance of light-like motions
in its general mathematical possibility, it seems that, in
principle, there is no reason to assume that such a motion
with physical meaning and application can not be found
in various systems.
In principle, any system of particles (and even fields)
can have its own light-like motions in a proper config-
uration space. Such motions, however, may not appear
energy-independent when expressed in terms of the vari-
ables of the ordinary space. But, the fact that the sys-
tem does have an energy-independent generalized veloc-
ity in a proper configuration space might still be iden-
tifiable, similar to the situation of harmonic oscillator,
whose energy-independent angular velocity is identifiable
even in terms of linear coordinates and momenta.
In general, such a property means that the motion (or
evolution) of system in terms of certain canonical coor-
dinates does not depend on the energy of the system.
Such a system can, therefore, move or evolve with lowest
possible energy.
The physical importance of this feature, if such mo-
tions could actually be realized in various physical sys-
tems, requires no emphasis. Observation of such a behav-
ior in multi-particle or more complicated systems would
provide empirical evidence for the necessity of maintain-
ing a unified view regarding relativity and classical dy-
namics, and would have serious implications for our un-
derstanding of relativity, spacetime, and dynamical sys-
tems.
However, one point to be noted here is that this en-
tire analysis is based on classical dynamics. It will be
interesting if a quantum mechanical counterpart for this
classical concept can be developed.
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9. LOCAL MEANING OF THE UNIVERSALITY
OF THE SPEED OF MASSLESS PARTICLES
AND THE POSSIBILITY OF VARIABLE SPEED
OF LIGHT
The derivation of Lorentz symmetry in section 4 was es-
sentially based on working with infinitesimal intervals of
time and space. As discussed in the beginning of that
section, the considered local inertial frames must exist at
a certain point {t0, qi0} in spacetime. As a consequence,
the universality of the constant K discussed in that sec-
tion (corresponding to 1/c2 in the conventional notation)
can only mean independence of K of all such local iner-
tial frames existing at that point in spacetime. Because
of the local nature of the analysis, one can not infer that
K is a constant for the entire (curved) spacetime. The
most straightforward assumption we are allowed to make
about K, purely based on our approach, is that K is a
local constant, specific to the point {t0, q0} in spacetime.
Nothing in our approach necessitates or implies that K
is constant for the entire spacetime.
This implies that, due to the local nature of the anal-
ysis, the speed of massless particles relative to local in-
ertial frames is allowed to be a property of the point
{t0, qi0} and differ from one point to another point in the
spacetime, in terms of a global coordinate system. This
means that the speed of massless particles in local inertial
frames is allowed to be a scalar field on the spacetime,
instead of being a strictly constant quantity for the entire
spacetime.
Absolute constancy of the speed of light measured by
inertial observers is an assumption in general relativity
and there is no mechanism for its variation with space
and time in the standard formalism of the theory. But,
some researchers argue that variable speed of light might
help in solving some problems in theoretical physics [5–7]
and it might have evidences in observations [5].
Global constancy of c, if provable at all by the La-
grangian formalism, is not implied by our presented anal-
ysis. The fact that Lorentz symmetry is derivable from
invariance of action, without requiring the assumption of
universal light-speed as a fundamental kinematical prop-
erty of space and time, can be considered as a theoretical
foundation for variable speed of light cosmology.
What theoretically supports the idea of variable speed
of light is that the motions of massless particles in space-
time are most fundamentally characterized by energy-
independent velocity, not by the stronger condition of
an absolutely constant speed (relative to local inertial
frames) in the entire spacetime. As observed from sec-
tion 8B, the most general characterization of light-like
motion (of massless particles) in a Riemann spacetime
is by the vanishing of Lagrangian. It is only for the spe-
cial situation of considering the motion relative to (local)
inertial frames that this property is translated to a uni-
versal speed, and this speed, as discussed above, is only a
local constant (universality here means sameness for all
massless particles relative to local inertial frame). The
condition of vanishing Lagrangian, by itself, does not re-
quire the additional assumption that that speed, as mea-
sured by local inertial observers, is globally a constant
quantity for the entire spacetime. In other words, global
constancy of the local speed of massless particles is not
implied by the vanishing of Lagrangian.
If that speed changes with space and time, the motion
still remains energy-independent for the entire trajectory
of the particle. This means that arrival time experi-
ments can only prove the energy-independent velocity of
light signals with different energies and not the absolute
constancy of their speed relative to local inertial frames
throughout the trajectory of the light signal. So, such
experiments can not disprove the possibility of variable
light-speed with space and time.
10. WHY ONLY ONE KINEMATICAL SCALE?
Unlike the approach of special relativity, we did not be-
gin with postulating a fundamental kinematical veloc-
ity scale, i.e. the speed of light. But, nevertheless, we
ended up with such a scale as a consequence of invari-
ance of action and Euclidean geometry of space. All the
special-relativistic effects that are consequences of the
universality of the speed of light in special relativity are
attributed to the invariance of action in our approach,
including the very existence of that velocity scale, and
that velocity is the only kinematical scale we encounter
in our approach. However, in recent years, it has been
suggested in the quantum gravity research, such as in
the so-called doubly special relativity approach, that the
short-scale/high-energy structure of spacetime may be
governed by two kinematical scales, not just one. It has
been suggested that the Planck length or Planck energy
might have a kinematical role similar to that of the speed
of light [8–12]. It is necessary to have some comments on
these ideas, based on our discussions and derivations in
the previous sections.
The above mentioned investigations have shown that
realization of such a two-scale kinematics is possible, at
least in momentum space, using non-linear representa-
tions of Lorentz symmetry [9–12]. This realization re-
quires non-linearity (or non-flatness) of momentum space
[13, 14] and it has been argued that this non-linearity is
accompanied by a non-commutativity of spacetime coor-
dinates [15]. Based on the correspondence between quan-
tum mechanical commutators and Poisson brackets, this
requires non-vanishing Poisson brackets between space-
time coordinates.
Although we did not employ a Hamiltonian formalism
in the extended configuration space9 and made use only
of the properties of Lagrange equations in the configura-
9 The Hamiltonian corresponding to L vanishes identically and can
not provide a suitable Hamiltonian formalism.
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tion and extended configuration spaces, it seems reason-
able to assume that spacetime coordinates would remain
commutative if we had to develop a proper Hamiltonian
formalism for the extended space, which, according to the
above mentioned investigations, implies lack of a second
scale.
The absence of a second scale corresponding to energy
and momentum in our approach is very well justified and
is a consequence of one of our assumptions. As men-
tioned in section 3B, a direct consequence of Hamilton-
Jacobi equations and invariance of action is the equation
p′ν = pµ∂q
µ/∂q′ν, indicating that pµ are 1-forms span-
ning a linear space. This linearity justifies right away
the absence of an energy-momentum scale. But the more
fundamental reason behind this absence seems to be our
assumption of point transformations preserving Lagrange
equations, which is also apparent from the transforma-
tion equation of pµ. In other words, assuming the trans-
formations between observers as point transformations of
spacetime makes the momentum space a linear space.
We note that the assumption of point transformations
was fundamental for our derivation of Lorentz symmetry
in section 4 since we assumed two different local inertial
frames at a given point {t0, q0} in spacetime and consis-
tency of the derivation requires that this assumption be
independent of the global coordinate system describing
the situation (existence of the two inertial frames at a
single point in spacetime).
The connection between point transformations of
spacetime and linearity of momentum space and the con-
sequent lack of an energy-momentum scale can be under-
stood from a different angle. It has been argued that cur-
vature of momentum space leads to a relativity of local-
ity [16, 17]. The latter can be interpreted as a manifesta-
tion of non-point transformations in spacetime, in which,
the transformation of spacetime coordinates depends not
only on the spacetime coordinates themselves but also on
the first or higher-order derivatives of those coordinates.
For example, one may have q′µ = q′µ(qν , dq
ν
dτ ), where τ is
a scalar parameter. Such transformations map different
vectors at the same point in spacetime to different vectors
at different points in spacetime. As a consequence, two
particles with different 4-velocities which are at one point
in spacetime according to the description of one observer
would appear at different spacetime points according to
the description of another observer.
The conclusion from our derivations is that as long as
the spacetime transformations are assumed to be point
transformations, the momentum space will be linear with
no kinematical scale, and such a scale requires non-point
transformations as a necessary condition.
One other point to be noted regarding the above-
mentioned two-scale kinematics is related to the sug-
gested implementations of such a kinematics using
Finsler geometry [18–20]. As discussed in section 7,
one problem with Finsler spacetime is that freely-moving
frames (at one point in spacetime) do not have spatio-
temporal symmetry relative to each other, and this poses
a problem for the equivalence between such frames. So, if
the whole point of the doubly special relativity approach
is the proposition of a new kinematics and a new trans-
formation for inertial frames which are supposed to be
equivalent [9], realization of this program using Finsler
geometry is problematic.
11. ON THE RELATIONSHIP BETWEEN
KINEMATICS AND DYNAMICS
In special relativity, as in any other parts of physics, the
kinematics is assumed first and based on which proper
forms of dynamics are developed, which includes con-
structing a proper form of classical mechanics (rela-
tivistic mechanics). In this paper, we did the reverse
and obtained the special-relativistic kinematics in iner-
tial frames as a consequence of classical dynamics. The
meaning of this work is not to revoke the kinematical
character from Lorentz symmetry as it clearly serves as
a kinematical symmetry, specially for field theories de-
veloped in inertial frames. However, the notion of the
derivation of a so-called kinematical symmetry from the
general framework of classical dynamics affects the per-
ceived relationship between kinematics and dynamics.
Even as implied by the word ”kinematics”, we usually
take kinematical assumptions as given, without expecting
a foundation in anything dynamical, and in fact we use
such assumptions to build or develop theories of dynam-
ics. So, kinematical assumptions serve as foundations
for theories of dynamics, and it seems that such theories
are impossible to develop without making kinematical
assumptions whatsoever. Theories of dynamics are built
upon kinematical assumptions. The very structure of the
formalism of classical dynamics is based on many kine-
matical assumptions; assumptions which are not conse-
quences of classical dynamics, as has been developed so
far, such as the concepts of particle, space, time, particle
trajectories and lack of fundamental uncertainty, and so
on.
On the other hand, the very possibility of deducing
a symmetry, which serves as a kinematical assumption
for a very broad range of phenomena, from a theoreti-
cal framework of dynamics provides the notion that the
relationship between kinematics and dynamics can be a
two-way relationship. Not only kinematics serves as foun-
dation for theories of dynamics, it, by itself, can be a con-
sequence of some theories of dynamics. In other words,
dynamical phenomena can produce kinematical relation-
ships ; relationships between theoretical elements of the
dynamical theories which remain unaffected for a broad
range of dynamical phenomena. Here, the 1+3 Riemann
structure of spacetime which is a kinematical assump-
tion in general relativity, valid for a very broad range of
phenomena, finds a foundation in classical dynamics.
This point of view, that kinematical assumptions can
be consequences of dynamical considerations, seems to be
the utmost extension of the general-relativistic concept
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of assigning dynamical nature to space and time. This
dynamical nature not only includes spacetime being af-
fected by the energy content of matter but also contains
the very nature and structure of spacetime, and it may
have to be extended to any symmetry which at the mo-
ment is assumed as a purely-kinematical symmetry, such
as gauge symmetries of quantum field theory.
By this explanations, it seems that our approach re-
moves a conceptual shortcoming in the standard formu-
lation of general relativity, in which, despite the essential
dynamical nature of space and time, Lorentz symmetry in
inertial frames is assumed as a purely-kinematical prop-
erty of spacetime with no dynamical origin or character
whatsoever. Here, this symmetry appears as a conse-
quence of classical dynamics and finds a dynamical foun-
dation.
The dynamical origin of Lorentz symmetry makes the
theoretical possibility of variable speed of light (massless
particles) less surprising. On the other hand, if empirical
evidences show the absolute constancy of the speed of
light, not just its local universality, then our presented
approach based on classical dynamics would be incom-
plete unless we provide a proper theoretical explanation
of that observation based on classical dynamics or any
other theory of dynamics.
12. CONCLUDING REMARKS
A new point of view regarding the foundations of rel-
ativity and relativistic kinematics has been introduced,
according to which, the current Einsteinian theory of rel-
ativity, which is a classical (non-quantum) theory, should
be unified with the formalism of classical dynamics. This
point of view has theoretical advantages, compared with
the standard point of view which defines Lorentz symme-
try as an intrinsic property of space and time, with no
dynamical foundation. The approach seems as a concep-
tual improvement in that it provides a dynamical origin
for Lorentz symmetry, which adds another aspect to the
essential dynamical nature of space and time in relativity.
It should be observed that our approach provides sim-
plicity in two aspects. First, relativistic kinematics and
relativistic mechanics are obtained together and there is
no need to build a relativistic mechanics after defining
relativistic kinematics as in the usual way. In this ap-
proach, Lagrangian is derived rather than being properly
chosen. Second, neither of the two fundamental assump-
tions of special relativity, i.e. the principle of relativity
and the universality of the speed of light, are required
in our approach as assumptions, but appear as conse-
quences. The approach elucidates the fundamental role
of the Euclidean geometry of space in inertial frames as
the ultimate empirical foundation of Lorentz symmetry,
and demonstrates the equivalence between Euclidean ge-
ometry of space and inertiality of the frame.
Another point is that our derivation of Lorentz trans-
formation shows a redundancy of assumptions in the
conventional ”relativistic Lagrangian mechanics.” In the
latter, one makes two assumptions, the assumption of
Lorentz symmetry and the assumption that action must
be a Lorentz-scalar. The derivation of Lorentz symmetry
as a consequence of invariance of action demonstrates the
redundancy of the first as an assumption.
Although, unlike the approach adopted in special rel-
ativity, we did not begin with assuming a kinematical
scale of velocity, we ended up with such a scale as a con-
sequence of the formalism of classical dynamics. No any
other scale appeared in our approach, specially no scale
of energy or momentum. This result is a consequence
of our assumption of point transformations in spacetime
which makes the momentum space a linear space. Adopt-
ing non-point transformations, according to which, the
transformation of spacetime can depend on first or higher
order derivatives, would be a necessary condition for ob-
taining such an energy-momentum scale, and this con-
clusion seems compatible with the result of some inves-
tigations that show that curvature of momentum space
implies a relativity of locality.
Our derivation of Lorentz Symmetry is fundamentally
local, in the sense that it is based on an assumption of
locality: spacetime point transformations. It is also in-
herently local in the sense that it yields the symmetry
locally such that the speed of massless particles (rela-
tive to local inertial observers) can vary with space and
time globally. This may be considered as a theoretical
foundation for variable speed of light cosmology.
A consequence of our suggested point of view regarding
relativity and relativistic kinematics, which seems impor-
tant to us, is the observation that energy-independent
velocity is a general concept in classical dynamics and is
observed even in massive objects in appropriate canoni-
cal coordinates. Possible observations of such a behavior
in various and complicated systems would have conse-
quences for our understanding of spacetime and dynam-
ical systems and would be an empirical evidence for our
point of view regarding unification of relativity with clas-
sical dynamics.
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